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EXTENDED ABSTRACT

This is a companion paper to the one titled: How to work with curved structures; theory.
The general theory is presented in the cited paper. In the present paper two specific
example applications are given in detail. Provided that the main ingredients in the method
of local Cartesian frame for curved structures are explained in the theory paper, we here
just shortly describe the two applications.

The first application concerns the analysis of a circular disk. Polar coordinates are
employed. The conventional procedure applied in textbooks in this case is again based
on carefully drawn figures showing the initial and deformed geometry for a small material
element. Deducing the relevant expressions from the figures demands rather careful
interpretations. Our approach is based on the use of a local Cartesian frame. Further,
after the strains have been determined, the local equilibrium equations and the traction
boundary conditions are arrived at by employing the principle of virtual work. Integration
by parts in two dimensions is needed in the manipulations. This part of mathematics may
be somewhat unfamiliar to the students. However, in introducing the most important
principle of virtual work in general, integration by parts must be mastered, so this should
not be a grave problem.

The second application concerns the analysis of a circular beam in two loading cases.
Emphasis is placed on the importance of the corresponding kinematic assumptions. The
curvilinear coordinates are now the beam axis arc length and two rectangular axes
perpendicular to the beam axis. To determine the strains correctly from figures describing
the geometry in the original and in the deformed state seems to us as a nearly impossible
task. The method of local Cartesian frame works easily. In the equilibrium equations
derivation, which is based on the principle of virtual work, integration by parts is needed
only in one dimension. This tool should be already rather familiar to the students.

The meaning of the papers considered, is not just to derive the basic equations of
classical mechanics, but to derive them in a systematic way students can easier
assimilate. According to the feedback of students, it is obvious that even the complicated
equations of the shell theory have got a novel role, when the background of each term
will get a clear physical meaning.

Other concepts based on various kinematical assumptions, such as sectorial coordinate
with thin-walled structures, may be derived simply as well.
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1. INTRODUCTION

This is a companion paper to the paper of this conference titled: How to work with curved
structures; theory. This will be referred to hereon as the theory paper. The general theory
is presented in the cited paper. In the present paper, two specific example applications
are given in detail.

The first application concerns the analysis of a circular disk. Polar coordinates are
employed. The second application concerns the analysis of a circular beam. The
curvilinear coordinates are now the beam arc length parameter and two rectangular axes
perpendicular to the beam axis.

We repeat from the theory paper the basic relations used in the method of local Cartesian
frame:

ex =e;, ey =eg (1)

and
o _1to 2o_132 @
oX hyéa’ oY hg B

The meaning of the notations are shown in Figure 1, and explained in the theory paper.

Figure 1: The local frame.

Additionally, we may need the derivatives of the unit vectors e, and ez with respect to

a and B. In connection with the principle of virtual work we will need also the integration
by parts formulae. These both are derived in the theory paper. However, in what follows
we will not represent general formulas for strains and general equilibrium equations,
(Paavola and Salonen (2004)). Instead, in the two applications we will derive the
necessary relations directly and not via general formulae.

2. CIRCULAR DISK
2.1 Polar coordinates

We consider a circular disk with a radius R (Figure 2). Polar coordinates r and 6 are
employed in the analysis. No dependence of the relevant quantities in the perpendicular
direction to the disk is assumed.



Fisrt EUCEET Association Conference: "New Trends and Challenges in Civil Engineering Education”, Patras 2011

We repeat here from the theory paper the relevant formulae in polar coordinates. The
scale factors are h, =1, hy =r. The counterparts of (1) and (2) are

ey=e,, e, =g 3)

and
0 0 o0 10
e, o= (4)
oX or oY r oo

Further, the derivatives of the unit vectors are
6e, _ 6e, _ aeg _ aeg

, =0, =—e,. 5
®o. 5 o6 r ®)

il

or 00

Figure 2: Part of a circular disk and notation.

2.2 Strains

The displacement field u has the alternative representations

UZUXex+Uyey,

=u,e, + Ugey .
In the theory paper, the small strain expressions are derived in the local frame:
ouy du
Ex =—2-=——s.€y,
XTax ax T
ouy  ou
Ey =——=——.0 , 7
YTy TeyTY (7)
XY oy Tax ey X Tax TV

Thus, applying (3) and (4), at the local origin, the strain components are resolved:

£ =€ _ou e
r X or re
1 0ou
£ ——.€ep, 8
6 =& = 55" % (8)
Ly tou o ou
Yo =Vxy PR ]

The last form (6) is substituted in (8) and formulae (5) are used. We obtain in detail

ou ou ou
[ B

or or
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1(ou, OUg 1 Oug
£y =— +UCy+—=€p5—Ugl, |[e€yg=—| U +— |, 9
) r(aee’ reo + 75 ©o Grj ) r(r 0 9)
L% o e+ e, —uge, |, 11 Ve, 1Mo )0
Vre_r Py r ree Py %] 0%r r rl or r or [°] [°]

r\ 06 or

Based on classical approaches (Timoshenko and Goodier (1951, p. 65-66)), these results
are obtained from a rather awkward differential geometry figure.

2.3 Equilibrium

The well-known general form of stress equilibrium equations for a continuum is
divo+f=0, where o is the stress tensor and f the body force vector intensity (per

volume). We could continue by using the method of local Cartesian frame and dyadic
representation. A rather long manipulation is needed to give the final equilibrium
equations. They are not given here. Further, the equation referred to is clearly not a
suitable starting point for basic courses. The equation itself is probably not familiar and
the manipulations needed are rather tedious even when the present polar coordinate
case is considered. However, the principle of virtual work gives an alternative way to
produce the equilibrium equations.

The principle of virtual work is applied for the equilibrium consideration, and it can be
expressed as

SW' +oWe =0. (10)
Here for a two-dimensional continuum (assuming small strains) the virtual work of internal
forces is expressed by:
swWi =—j(OX5EX +0,0¢, +TXy5VXy)dA (11)
and the virtual work of external fo?ces, correspondingly is,
SW® = [ (f,8u+1,6v)dA+ [(t,0u+1t,6v)ds (12)
A St

The virtual strains are obtained by variation of the general strain-displacement relations.
Boundary s; is that part of the total boundary where the traction t is given.

Correspondingly, in Figure 2 the notation s, refers to that part of the total boundary
where the displacement u is given.

The integrands in (11) and (12) are because of their physical meaning, scalar quantities
and therefore invariant with respect to coordinate transformations. With reference to polar
coordinates, the following may be written:

0,0, +0,0€, +T,,0¢,, =0 x0x +0yOEy +T xyOY xy
=0,0c, +0g085 +T50V 9 ,

fiéu+1,0v =fxbuy +fouy =f.0u, + 10Uy ,
tOu+1t,6v=txOuy +tyOuy =t.0uU, + 150Uy .

Thus, the principle of virtual work obtains in polar coordinates the form
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—I(o,de, + 008 +T,90Y 9 )dA
A
+[(£.8u, +136uUg ) dA+ [ (t,8U, + tgSlg)ds =0, (14)
A St

where the virtual strain components are expressed from (9)

oou 66u 1(0du oou
o5, =—" | Sgp=—| 6 Sy =— r.s 9 15
b= 0 %% ( Yt % j Vio r( 20 ”9j+ ar (15)

Upon substitution dA =rdrd6 in Eqn. (14), the following simplifications are obtained:

first the form

~ [ [ro, oou, +0, (6u, + 66uej+r (%—u—duej I Uy |4rde
b 06 00 r
+ [ (rf,6u, + rigbug )drd® + [ (t,6u, + ts6Uq)ds =0. (16)
re St

Then, using integration by parts (with the formulae derived in the theory paper):
j 99 4r do =jifgds— ja—fgdrde,
or r o or

jfagdrde jnefgds— ja—ggdrde
r,0

(17)

These are applied to eliminate the derivatives on the virtual displacement components
ou, and ug. The resultis

| {a(m,) ~ 0y e, rf,}éu, {609 +Tg + o), ffe}&fe}drde
ol or 06 06 or

+j{[t, — 1,0, —NgTg|8U, +[tg — NgTg — ;T ]Sl }ds =0 (18)

It should be noted that the virtual displacement components are set to vanish on s,
which explains why the line integral is only over s;. The equilibrium equations are thus —
after some minor development:

oo, +lar,9 +o, —0Og
or r 00 r
100y . OT g . 2T

r 086 06 r
tl’ =Nn,0,+NgT\g ,

+f =0,

+f9:O,

(20)
tg = nGOG + anre .
The traction boundary conditions simplify with the geometry of Figure 2 to
tl’:or’tG:Tre' (21)

as on the boundary n, =1 and ng =0.
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Classically the equilibrium equations are obtained from a free-body diagram, e.g.
Timoshenko and Goodier (1951, p.55-56). Our way of derivation cannot be considered
particularly short. However, the steps used contain no arbitrariness. Further, similar
manipulations must be performed in numerous applications of the principle of virtual work
and this example case is a good demonstration exercise for the students.

3. CIRCULAR BEAM
3.1 Coordinate system

A circular plane beam is considered using the notation of Figure 3. The beam is assumed
to be symmetrical in geometry and in material properties with respect to the xy-plane.

The beam is clamped at s =0. As seen from the figure, here the y notation is used with
two meanings; as a global coordinate and also locally at the beam cross-section, but this
should not cause any confusion. Further, a local coordinate z (not shown in the figure)
perpendicular to the xy-plane is needed. Compared to the theory part, where only the

two dimensional case was treated, we here have one additional dimension. Additional
notations y and e, with obvious meanings are introduced. The curved beam axis is

taken to be an a -coordinate line; here a is associated with the arc length s. The (- and
y- coordinate lines are straight and B =y and y = z. The local unit vectors e,, e, and

e, form a right-handed triad.

Figure 3: Circular beam.

The position vector of the beam axis is given by ry = Re,, and that of the generic point P
by

r(s,y,z)=ry+ye, +ze, =Re, +ye, +2ze, =(R+y)e, +ze,. (22)
The dependence on s comes through e, which is not constant. From curve theory
dr,/ds =e, and by Frenet formulae,

des 1 dey 1
= e,, — e
ds R ds R

Differentiation of (22) gives

or de 1
T (Rey)SE=(Rey) e, :[1+%jes,
(24)
o _o OF_g
oy Y oz %

The scale factors are thus seen to be
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hs—%=1+%, hy:S—;:l, hZ:%:I. (25)
Consequently, the counterparts of (1) and (2) are now
ex=¢e;, ey=e,, e;=¢, (26)
and
-1
w0 & vy s @7)

3.2 Displacement; general

We take here the Timoshenko type kinematic small displacement assumption where the
beam material cross sections are assumed to move as rigid plates with no deformation in
plate planes. The generic displacement vector of a generic point P becomes then

u(s,y,z)= (u—y@Z —zOy)es +(v—-26)e, +(w+yb;)e,. (28)
Quantities u, v and w are the displacement components of the origin 0 of the cross-
section and 6, 6, and 6, are the components of the cross-sectional rotation vector.

Following certain notational convention, the component 6, is defined as positive in the
negative local y-axis direction.

3.3 Displacement; first case

To simplify the presentation we will consider here just two special cases. In the
first case the loading consists of a point load P acting at the tip of beam and
directed in the local positive y-axis direction. In the second case the tip load P acts in the

local positive z-—axis direction.

In the first case, due to the assumed symmetry, the displacement of point 0 must be in
the xy-plane and the rotation vector must be perpendicular to the xy-plane. Thus, the

only non-zero displacement components are u, v and the only non-zero rotation
component is 6,. Expression (28) simplifies to

u(s,y)=(u-y6,)es +ve,. (29)
3.4 Strains; first case
The relevant strain components are

1
ESZEX:auoeX 2(14‘1) auoes,

The derivatives

(31)
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and substitution into (30) gives

-1
582(14_1) %_y%_Fl s
R ds ds R

-1
y u-y6, dv
o =(1g) [ o

To derive these exact results alternatively by some — however carefully drawn — figures
is in our opinion practically impossible.

(32)

3.5 Equilibrium; first case

Again, the equilibrium equations are derived here by employing the principle of virtual
work. The usual assumptions concerning stresses for plane beams is that only the
components o, and 74, are non-zero. Thus, the virtual work of internal forces becomes

ow' = [ (0568, +74,0y4,)dV (33)

v

where the integration is over the volume of the beam. The volume element dV can be
expressed here as

dV = dAdX = dAhds = dA[1 +%jds , (34)

where dA is beam cross-sectional area element. The virtual strain expressions are
obtained by variations of Egn. (32) and the virtual work expression becomes

-1
I y dou déd, odv
on —‘f{“"s(“ﬁj A
s A
-1
o 1 1) (42500, )1+ FJe s

déu dd6, o&v dév oéu j
__ dou OV, [9OV U 56 |ldalds. 35
Hﬂas(ds Y ds +Rj+rsy(ds R Z} } (%9

The inner integral is over the beam cross-section and the outer over the beam axis
length.

In the conventional manner, the stress resultants consisting of the normal force, the
shearing force and the bending moment are defined respectively by

N=[0,dA, Q, =[rgdA, M,=0osydA. (36)
A A A

The virtual work of internal forces (35) becomes then

;o dsu v dse,
ow ——£|:N(¥+?J—MZ ds +Qy

(d6v—@—692j ds. (37)
ds R

The virtual work of external forces is here just the virtual work of the vertical load:

SW = P5V| (38)

s=/’

where [ =mR /2. The virtual work equation becomes thus
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—I{N[@+QJ—MZ d%6; |

(dév ou
ds R ds y

s —E—592ﬂds+P5V|s_l =0. (39)

To deduce the equilibrium equations, the derivatives on the virtual displacement
quantities must be removed by integration by parts. The corresponding formula from the
theory paper becomes with x replaced by s here

/ /
jﬂgdsz[fg]g—jfd—gds. (40)
o ds 0 ds

Equation (39) is found to transform to (note that due to the clamped beam end
du=06v=00,=0 at s=0)

Q dQ
[ dN Yy sy | & N 5v—{dMZ—oy}5e ds
ds R ds R ds
0

S
+[—N5u+ (-Q, +P)ov+ Mzae]

s=/
Thus, the field equilibrium equations are

ﬂ+&:0 &_ﬂzo dIWZ

, , -Q, = 42
ds R ds R ds 7 “2)
and the traction boundary conditions at s =/ are

N=0, Q =P, M,=0. (43)

In this one-dimensional case the free body diagram approach can produce these
relations relatively easily. The virtual work approach presented here may be considered
as an alternative method to direct establishment of equilibrium equations, once again
demonstrating to the students the importance of the principle of the virtual work.

3.6 Displacement; second case

Now due to the assumed symmetry, the displacement of point 0 must
perpendicular to the xy-plane and the rotation vector must be in xy-plane. Thus,

the only non-zero displacement component is w and the only non-zero rotation
components are 65 and 6, . Expression (28) simplifies to

u(s,y,z)=-26,e, - 20.e, +(w +yb;)e,. (44)
3.7 Strains; second case

Due to the page limitations, the following presentation is outlined briefly. However,
the steps needed are completely similar to those used in the first loading case.
The relevant strain components are now

-1
ESZEX:auoeXZ(l-i-lj aqus;

oX R) os
-1
ou ou ou y) ou
= =—— @y +t—e@Cy = €. +| 1+= e, , 45
Vey =Vxy =5y *OX T ox "8y =5, * s ( Rj as Y (49)

Ysz =V _u e +6_u e _au e +(1+1j_lau e
s2TIXE T oz X X T e s R) os %
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By differentiating the displacement expression (44) with respect to s, y and z and
substituting the results in (45) the following are obtained:

-1 (de
£s :—(1+1j A & O ,
R ds R

Vey = —(1+1j_1 z[des _e_yj’ (46)

R ds R

-1
yY'(dw  de,
1+ L] [ 6, .
Vsz (JFRJ (dsﬂlds y

3.8 Equilibrium; second case

The virtual work of internal forces

sw! = I(osdes +T5y0Vsy +r326ysz)dv (47)

12

becomes finally

60 dée
6WI :—J‘|:Ms{d6es __yj_My[_y+%j+Qz(d§—W—6eyJ:|ds (48)
s

ds R ds R ds

where the stress resultants are
M = [(y1s, - 215, )dA, M, =[0szdA, Q, =1, dA. (49)
A A A

The external virtual work from the transverse load P at the beam tip is
oWe = P6w|s=/ (50)

The virtual work equation gives after the necessary integration by parts manipulations the
field equations

M aM, M
aMs Dy o, —L =S _Q,=0, @ _, (51)
ds R ds R ds
and the traction boundary conditions
Mg=0, M, =0, Q=P (52)

at s=1.

4. CONCLUSIONS

The present paper shows some simple examples to demonstrate the use of the method
of local Cartesian frame by emphasizing the role of the kinematics to take into account
the loading and the geometry of the structure considered.

REFERENCES

1. Paavola, J. and E.-M. Salonen (2004 a), Coping with curvilinear coordinates in solid
mechanics, International Journal of Mechanical Engineering Education, 32:1, 1-10.
2. Timoshenko, S and J. N.Goodier (1951), Theory of Elasticity, ond edn, McGraw-Hill, New York.





